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We e x a m i n e  a t h r e e - d i m e n s i o n a l  t h e r m o e l a s t i c i t y  p r o b l e m  for  an i s o t r o p i e  c i r c u l a r  cy l in -  
de r .  F o r  a s p e c i f i e d  d i scon t inuous  t e m p e r a t u r e  f ie ld the solut ion  is  d e r i v e d  in a f o r m  
e f fec t ive  fo r  n u m e r i c a l  ca l cu la t ions .  

As is  wel l  known, the solut ion  of a s t e a d y - s t a t e  n o n a x i s y m m e t r i e  t h e r m o e l a s t i c i t y  p r o b l e m  (without 
c o n s i d e r a t i o n  of m a s s  f o r c e s  and in the a b s e n c e  of hea t  s o u r c e s )  r e d u c e s  to the in t eg ra t ion  of the ba s i c  s y s -  
t e m  of equa t ions  (1), i . e . ,  

V ~ q  - 1 ~  graddivu- 2(1 §  a tg radT  ' v ~ T = 0 .  (1) 
I - -  2 v  1 - -  2v 

The sought  so lu t ion  s a t i s f y i n g  (1) and se t  by the boundary  condi t ions  can be given in the f o r m  of the s u m  of 
the p a r t i c u l a r  so lu t ions  for-~(t)  and fo r  the g e n e r a l  so lu t ion  of-~(e),  chosen  [1, 2] in the f o r m  

u~rt)-'=0, u~ t)~--0, uz(t) = 2 ( 1  .4-v) a t ~ T ( r ,  % z) dz (VZtZ(z t)--=0), (2) 

= r  0 ~ '  + 0 Z 2  + 1 0X3 1 0)~ 0~3 U(re) 
Oz 2 r Oq~ r &p Or 

u~e) = - - r  d~t  4 ( l - - v )  0Zi 0)r 
Or 5z ~ z  + dz ' 

V~Zu = 0 (k = I, 2, 3). (3) 

The components of the stress tensor crij are determined [3] from the formulas of Hooke's law 

E [e~,-[- l [ v ~ - - ( 1 - ~  ~) atT]6if } (i, j = r ,  % z). (4) 
a~1 -- 1 + v I -- 2~---~- 

Thus,  acco rd ing  to (2), we find ~(t),.. while  in a c c o r d a n c e  with (3), (for T = 0) we a l so  ca lcu la te  cr (e).. D 1J 
a(t) = u(t) = - -  a(t) = - -  a tET  , 

r r  r z z  

a ( t I = a , E ~ r  Tdz,  a( t )=  a t e  
rz (0z r Oq~ 

Le t  us c o n s i d e r  the e a s e  involv ing  the d i s t r i bu t ion  of the t e m p e r a t u r e  T m of the e x t e r n a l  m e d i u m ,  in 
which the hea t ing  condi t ions  (T m > T) a t  the s ide  s u r f a c e  of the c y l i n d e r  (r --- a) have  the f o r m  

1 OT + T = T m, T ~ =  I T,` cos n~ ~ h ~  Iz I < c, 
h--~- O--7- tO ~h~ l z l > c .  (6) 

In d i m e n s i o n l e s s  c o o r d i n a t e s  p and ~ the so lu t ion  for  the hea t - conduc t i on  equat ion  s a t i s fy ing  bounda ry  
condi t ions  (6) can be wr i t t en  in the f o r m  of the F o u r i e r  i n t eg r a l  
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T A B L E  1. Values  of cr / [ ~ t E T ] c o s n ~ a t t h e  Surface  ( p = l )  

of the Cy l inder  in the Middle (~ = 0) of the Heat ing Segment  for  
Var ious  Condit ions of Heat  T r a n s f e r  with the Ambien t  Medium 

Bi n b=0, I b=0,3 b~0,5 b=1,0 

10 

100 

--0,046 
--0,080 
--0,072 

--0,094 
--0,126 
--0,136 

--0,220 
--0,244 
--0,246 

--0,458 
--0,332 
--0,342 

--0,644 
--0,560 
--0,616 

--0,084 
--0,090 
--0,072 

--0,142 
--0,134 
--0,118 

--0,236 
--0,214 
--0,192 

--0,350 
--0,260 
--0,236 

--0,400 
--0,314 
--0,306 

--0,082 
--0,072 
--0,048 

--0,122 
--0,t02 
--0,080 

--0,180 
--0,148 
--0,118 

--0,228 
--0,166 
--0,138 

--0,240 
--0,174 
--0,160 

--0,050 
--0,030 
--0,016 

--0,060 
--0,040 
--0,024 

--0,064 
--0,046 
--0,030 

--0,066 
--0,046 
--0,034 

--0,062 
--0,046 
--0,038 

9 ([30) sin ~b cos 

J [~A. @) 
o (7) 

i ~  ([3) = I N ([5) + ~I~ ([3) 
Bi 

F o r  the solut ion of the equat ions  of e l a s t i c i t y  t h e o r y  (i.e., (1) fo r  T = 0) we choose  the functions 
)/k(P, ~ ,  ~) in (3) as  fol lows:  

%3 I ~E \sin C ,) I'([~9) 
o 

where  A(fl) ,  B(fi), and C(fl) a r e  d e t e r m i n e d  f r o m  the condit ion that  the re  a re  no total  (~(t) + ~(e)) s t r e s s e s  
~r r ,  Crrz, ~ r 9  (subsequent ly  denoted,  r e s p e c t i v e l y ,  as  ~p, Tpz, Tpr on the p = i s ide su r f ace  of the cy l in -  

der .  

Sa t i s fac t ion  of these  boundary  condi t ions  (in conjunct ion with (7) and (5)) leads  to a s y s t e m  of l i nea r  
equat ions ,  whose  expanded m a t r i x  has the f o r m  (0 = O n = [~tETn ]) 

0I ~z [--  (1-- 2~) I - -  ~I'], [@2 + n ~) I - -  ~I'], n (~I' - -  I), 
A(~) 

[( n~ ) ] - -2 -  n I' [~A ([~) OI' (9) [3' + - - ~ - -  I + 2 ( 1 - - v ) f Y '  , --f~l', 

n~22 I, n(1--~r) ,  ~ I ' -  y - + n  ~ I, 0 

Cons ide r ing  (3)-@), (7), and (8), and in t roduc ing  the notat ions F(~)(p, fl), F(~)(p, fi) (N = 1, 2 6) 

F~t) = F2(t) = --F3(t)= ~_~_P F(stl = I(~P) , 
n ~A ([~) 

~h(~) ' (10) 

F~) [IF~) I' F(~)] 1 F N =  ~(t/ F(~), = - - ,  - -N  + (11) 
A (~) 

we find the solut ion for  the t h e r m o e l a s t i c i  W p r o b l e m  in the f o r m  of the fol lowing in tegra l s ,  e .g . ,  (N = 1 and 
N = 4): 
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f r o  
-~ ~ F i (p, ~) sin [~b cos [~; d~, 

0 cos n~0 n t J  
0 

(12) 

%~ 2 .i  "0cosn~ = --~ F~(9, [3) sinl3bsinl~;d[L 
0 

In (11) the funct ions  F(Nm) (m = 1, 2) have the f o r m ,  e .g . ,  for  N = 1, 

F~ m) = Am~ 2 [ - - (1 - -2v) I (~p) - -~OI ' (~O)]  + B~ [3+ ~ I ( ~ p ) - - - -  ([~p) 
P 

Am(/3 ), Bin(/3), and Cm(/3 ) a r e  a l g e b r a i c  c o m p l e m e n t s  of the e l e m e n t s  in the m - t h  row of the d e t e r m i n a n t  

A(/3) =- An(/3) of the s y s t e m  (see (9)). 

I n t e g r a l s  such  as  (12) a r e  ca l cu la t ed  on the b a s i s  of the Cauchy t h e o r e m  by s u m m a t i o n  of the r e s i d u e s  
of the funct ions FN(O, /3)exp (ifi~)(2t > 0) o v e r  a l l  the po les  /3s in the uppe r  half  p lane  /3 (N = 1, 2, 3, 6) 

0 $ = 1  

+ ires F~ (p, ia~)] exp ( - -  ~ )  + 2 Re ires F n (p, ~) exp (iy~X)] exp ( - -  ~s~)}, (14) 

res F N (9, ~) = lira (~ - -  ~,) Fn (p, ~), L = b + ~, tb - -  ~t, (15) 
6-*~s 

/3s --- fins := ~ iXs  a r e  the r o o t s  of the equat ion  An(/3) = 0 (7); /3s =/3ns = + i n s '  /3s - fins = :e "Ys :~ iSs a r e  the 

roo t s  of Eq. (16), i .e . ,  

A. ([5) ~ [P+hp~ (~) : 0. (16) 

The  e x p r e s s i o n s  fo r  the s t r e s s e s  in (12), a c c o r d i n g  to f o r m u l a s  such  as  (14), can now be p r e s e n t e d  in the 
fol lowing m a n n e r :  

00 = 0 ~  cos n~, a z : (~o + of]t cos n~, "%z = Of~t sin n% 
(17) 

. 
% = 0 ~  cos n% xo~ = 0f~  cos n% %~ = 0f~6 sm n% 

w h e r e  the quant i ty  ~r ~ ( c o r r e s p o n d i n g  to the so lu t ion  obtait~ed as/3 - -  0 in the t e m p e r a t u r e  d i s t r i bu t ion  (7)) is  
equal  to z e r o  fo r  n = 0 and n = i, * while  for  n >_ 2: 

~o O P ~ ] ~  -~ sin~bc~ d~--= 112 ~-~-b, (18) 
Cos nq~ [1 -4- n (Bi) -1] ]o T [3 

�9 o tO ~ : > b .  

Thus  if  in th is  ca se  b - -  ~ (i .e. ,  the t e m p e r a t u r e  T m of the m e d i u m  is  cons t an t  o v e r  the en t i r e  length of the 
g e n e r a t r i x ) ,  f o r m u l a s  (17) t (for ~ > b) in the c a s e  of n = 0 and n -- 1 c h a r a c t e r i z e  the plane s t r e s s e d  s t a te  
(when in an una t tached  so l id  cy l inde r ,  as  is  wel l  known, no s t r e s s e s  a r i s e ) ,  whi le  fo r  n _> 2 they c h a r a c -  
t e r i z e  the s t a te  of p lane d e f o r m a t i o n .  

In (17) the t e r m  ~2t(p,  D, which m a k e s  p r o v i s i o n  for  the loca l  na tu re  of the heat ing ,  i .e . ,  Eqs .  (6), 

f o r N =  1, 2, 3, 6 i s t h e  fol lowing (~>_0):  

+ ires F~r (p, i%)][ e -%'b+r + ee-%t'b-:o] + 2 Re ires F N (p, ~)] [ e igs(b+:) -bed '#b' : l)]  }. (19) 

* Since the c y l i n d e r  is  not a t t ached ,  the pu re  bending  s t r e s s e s  p roduced  by a m o m e n t  a r e  e l i m i n a t e d  f r o m  
the cons ide r a t i on ,  beginning  with (8) (for n = 1). 
~We note tha t  the axia l  fo rce  and the bending m o m e n t  at  any sec t ion  ~ of the cy l i nde r  is equa l  to z e r o .  

474 



The multiplier ~ in (19) assumes the following values: 

8 = 1 when ~ < b, 8 : 0 when ~ = b, B = - -  1 when ~ 2> b, (20) 

while the quant i t ies  in the b r a c k e t s ,  a c c o r d i n g  to (15), (11), and (19), for  example ,  when N = 1, have the 
f o r m  

(p, = { 1 [z (13 ) - 13r @ FI'  + ; '  (13) fT']  1 , (z 1) 
13A' (13) j~=~ 

[res F i (O, i%)] = [H (i%) %~,(O'(ia~) i%) ] '  

~ '  (~5~) " ( 2 2 )  

0),  ~)(p, In (22), on the basis of (15), (16), (13), and (11), we have used the notat ion ap (p, iez s) = (rp(p, i~s)  , cr 

[3s) = (rp(p, /3s) . . . . .  and 

//(13)= [I(13)+iI'(13)h(~)] 1 when 13 = i % ,  ~ =  ~s=  Y,+i6s,  (23) 
A@ 

which accoun t s  for  the p ropo r t i ona l i t y  of the a lgeb ra i c  c o m p l e m e n t s  of the l ine e l emen t s  of the d e t e r m i n a n t  
A(/3) in (16) with the fol lowing values  for  its roo t s :  

Az([J) Bz([J)--Cz([J) fl-~-h(~)when13=ias, 13 = ~s = Ys+ iSs �9 (24) 
A, (15) B,(13) C~ (13) i 

F o r  N = 4.5 we have e ~ - 1  in (19), while quant i t ies  s i m i l a r  to (21) and (22) should be r e p l a c e d  by 
c o r r e s p o n d i n g  t e r m s ,  mul t ip l ied  by ( -  i), so  that ,  fo r  example ,  

As an example of the calculation, let us calculate the values of the stresses ~(p and ~z which arise in 

the middle (z := 0) of the ( -c ,  c) segment of the side surface of a cylinder that is free of constraints and is 
heated by the medium: when r = a 

OT =_ht(Tm__T) ' Tm={0To+TICOS{ P, ,z]<c, 
Or ]z I > c, (26) 

if we a s s u m e  the length of the hea t ing  s e g m e n t  2c = 0.5a, and that  the value of the Blot n u m b e r  is given by 
]3i = ah t = 2. 

On the s t r eng th  of (17), (19), and (20), fo r  the c i r c u m f e r e n t i a l  s t r e s s e s  ~rq? (N = 2) when p = 1 and 
~ = 0  

co 

(r~ - - Z  
20ncos nq ~ {[r2( 1, /• exp(--•  [r2(l , i%)] exp (--asb) 4- 2 Re [rz (1, 13,)exp (t'13sb)] } , (27) 

S = I  

with the va lues  of the roo t s  ~<0s and/30s,* a l s  , /31s needed fo r  the ca lcu la t ions  (with v = 0.25) contained,  r e -  
spec t ive ly ,  in [4, 5, 6], while the roo t s  of •  and the mu l t i p l i e r s  it2(1 ,/3)] fo r /3  = i •  ices, a n d / 3 s h a v e b e e n  
tabula ted  by us for  va r ious  va lues  of Bi. 

To i l l u s t r a t e  the na ture  of  the c o n v e r g e n c e  of the r e s idue  s e r i e s  (27), we p r e s e n t  the t e r m s  re t a ined  
in the s u m m a t i o n  (for n = 0 and n = 1 whe re  it is spec i f ied  that  b = 0.25): 

[20ol -1% = { [--  0.082 + 0 + 2 (--  0.011)] + [0.027 + 0 + 01 + [0.005 + 0 + 01} = - -  0.072, 

[20 t cos ~]-~% = {[-- 1.645 4- 1.560 + 2 (--  0.001)] -~- [0.012 q- 0.001] 4- [0.003]} = - -  0.071. 

The axial  s t r e s s e s  r (N = 3) a r e  ca lcu la ted  in s i m i l a r  fash ion:  

[20o]-1~z = 0.034, [20~cosf]-lo~ = 0.031. 

*Here,  when n = 0, t he re  is no twis t ing,  s ince  the p r o b l e m  of twis t ing  (with the c h a r a c t e r i s t i c  roo t s  of a0s) 
is c o m p l e t e l y  d is t inc t  f r o m  the p r o b l e m  under  cons ide ra t ion .  
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When T i = To,  we f ina l ly  ob ta in  in (26) 

% = 0 o [ - -  0.144 - -  0.142 cos 91, a~ = 0 o [0.068 + 0.062 cos 91. 

Thus ,  in the a n a l y z e d  c a s e  of l o c a l  hea t ing(26) ,  e x t r e m e l y  s u b s t a n t i a l  c o m p r e s s i v e  s t r e s s e s  cr~ a r e  
d e v e l o p e d  at  the s u r f a c e  of the una t t a ched  s o l i d  c y l i n d e r ,  and t h e r e  a r e  t e n s i l e  s t r e s s e s  a z a p p r o x i m a t e l y  
ha l f  a s  g r e a t  (when the h e a t i n g  is  u n i f o r m  o v e r  the e n t i r e  length  of the c y l i n d e r  g e n e r a t r i x ,  t h e s e  s t r e s s e s  
a r e  equa l  to ze ro ) .  

T a b l e  1 g ives  the  v a l u e s  of the  s t r e s s e s  cry, a r i s i n g  about  the  p e r i m e t e r  of  the  l a t e r a l  c r o s s  s e c -  
t ion z = 0 of the  c y l i n d e r  in the c a s e  of l o c a l  he a t i ng  (6) when the t e m p e r a t u r e  of the m e d i u m  is  c o n s t a n t  
about  the p e r i m e t e r  (n = 0) and  when i t  i s  v a r i a b l e  (n = 1) and n = 2). In the  c a l c u l a t i o n s  invo lv ing  (27) we 
c o n s i d e r e d  v a r i o u s  c o m b i n a t i o n s  of the  r e l a t i v e  h e a t i n g - s e g m e n t  length  (2b) and the s u r f a c e  h e a t - t r a n s f e r  
cond i t i ons  (the v a l u e s  of the  Bi  n u m b e r ) ,  and fo r  n = 2 we used  the v a l u e s  found (when v = 0.25) fo r  the r o o t s  
of the  equa t ion  ~2(fl) = 0 (16): 

a i -~ 4.089, a 2 =8,114,  % ~  11.425; 

~i = 0,959 + 2,104i, ~z = 1,613 + 5.681i, 63 -~ 1.842 § 9,033L 

F r o m  so lu t i on  (17) we t u rn  to the  so lu t i on  fo r  the  c a s e  of c o n c e n t r a t e d  he a t i ng  about  the  c i r c u m f e r e n c e  
(at the s e c t i o n  ~ = 0): 

when p = 1 lim2bT,, =T*~a -a (2b--+0, Tn-+oo),  (28) 

w h e r e  T~ i s  the t e m p e r a t u r e  p e r  unit  l ength  of c y l i n d e r  c i r c u m f e r e n c e .  

T The l i m i t  p a s s a g e  in (19) (for ~ > b) l e a d s  to the  fo l lowing  e x p r e s s i o n s  for  the func t ions  WN(p, ~) for  
N = 1, 2, 3, 6: 

=2 ~ t  (p, ~) {[--  • res F~ (p, i• exp ( - -  • -5 

-t- [ - -  % res F N (0, i%)] exp ( - -  %~) -t- 2 Re [il~. res F~ (0, ~)  exp (i~.~)] }, (29) 

whi le  for  N = 4.5 they  a r e  s i m i l a r  in f o r m  (see (21)-(22) and (25)). 

The e x p r e s s i o n s  fo r  the  s t r e s s e s  in the e a s e  of c o n c e n t r a t e d  (28) h e a t i n g  (6) can  now be w r i t t e n ,  fo r  
e x a m p l e ,  a s  (0" - 0~ = [ a t E T * l ) :  

a%0, = r cos rap, - -  = c%t cos nq0, 0* --  o)~ sin n~. (30) 

On the b a s i s  of the p r i n c i p l e  of s u p e r p o s i t i o n ,  we can  ex t end  t h e s e  r e s u l t s  to the c a s e  in which  a s e g -  
m e n t  of  the  s ide  s u r f a c e  of the  c y l i n d e r  is  h e a t e d  in a c c o r d a n c e  with  any law such  tha t  T m = T (a, ~o, z). 

V 2 = a2 /Or  2 + ( 1 / r ) 0 / a r  
+ (1/r2)a2/a~ 2 + a~ /az  2 

T = T ( r ,  cp, z) 

P 

a t  
E 

= O U r / a r  + u r / r  
+ ( 1 / r ) O u ~ / a ~  + aUz/aZ 

~ij 
6ij 
a 

p= r / a  and ~=  z / a  
b = c / a  

ht  
ah t = Bi 
In(X) - I a n d  I~(x) =- I '  

N O T A T I O N  

i s  the  L a p l a c e  o p e r a t o r  in a c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  r ,  ~, z; 

is  the  d i s p l a c e m e n t  v e c t o r ;  
i s  the t e m p e r a t u r e  a t  a po in t  on the  e l a s t i c  c y l i n d e r ;  
is  the  P o i s s o n  coe f f i c i e n t ;  
i s  the  c o e f f i c i e n t  of l i n e a r  t h e r m a l  e xpa ns ion ;  
i s  the  modu lus  of e l a s t i c i t y ;  

i s  the  v o l u m e  e x p a n s i o n ;  
is  a c o m p o n e n t  of the  s t r a i n  t e n s o r ;  
is  the  K r o n e c k e r  de l t a ;  
i s  the  c y l i n d e r  r a d i u s ;  
a r e  d i m e n s i o n l e s s  c o o r d i n a t e s ;  
is  the  r e l a t i v e  h a l f - l e n g t h  of the  h e a t i n g  s e g m e n t ;  
is  the  r e l a t i v e  h e a t - t r a n s f e r  coe f f i c i en t ;  
i s  the  Blo t  n u m b e r ;  
a r e  m o d i f i e d  B e s s e l  func t ions  of n - t h  o r d e r  and  t h e i r  d e r i v a t i v e s  wi th  r e s p e c t  to 
the a r g u m e n t .  
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